We extend the result of Anglès [1] , namely f (T ; θ) ≡ 0 ( mod p) for the Iwasawa power series
Introduction
Let p be a prime number. Let A be a complete Z p -algebra included in Z p and m(Z p , A) be an A-module of A-valued measures on Z p . The A-module m(Z p , A) is isomorphic to the power series ring A[[T − 1]].
Let W ⊂ Z × p be the set of torsion elements in Z × p and γ be a topological generator of 1 + 2pZ p . In other words, one has W = µ p−1 , the set of (p − 1)-th roots of unity in Z × p if p > 2 and W = {±1} if p = 2. Let V be a subset of W , which is a set of representatives of W/{±1}. Let γ y be the isomorphism
Email addresses: haesang@mpim-bonn.mpg.de, haesang@kias.re.kr (Hae-Sang Sun). 1 The author would like to thank Max-Plack Institut für Mathematik for their hospitality during his visit and preparation of the manuscript. He also thank David Goss for introducing a work of Anglès [1] . Finally he want to thank the referee for helpful comments and suggestions. Since the p-adic Dirichlet L-function is represented by a Γ-transform of a rational function measure, the study on the map Γ gives much information on the p-adic L-functions.
For example, let K be an abelian number field and θ an even Dirichlet character associated to K(ζ p ) for a primitive p-th root ζ p of unity. Let k be a finite extension of Q p containing θ and π be a uniformizer in k. for even Dirichlet characters χ associated to the cyclotomic Z p -extension K ∞ /K. In fact, when p is an odd prime number we can define a measure
where G τ θ is a power series attached to Γ(τ θ ) and α is an integer (For a more precise formulation, see the formula (4.7) and Proposition 7).
The celebrated theorem of Ferrero and Washington ( [2] ) has shown that
Sinnott ([5] ) also has proved the congruence G σ (T ) ≡ 0 ( mod π) for a certain rational function measure σ i.e. a measure of which power series is a rational
A natural question one can raise next would be whether the derivative of
and p ≥ 2. The purpose of present paper is to show that for a numerical polynomial Q on Z p such that Q ≡ 0 ( mod π) i.e., Q(x) ≡ 0 ( mod π) for some x ∈ Z p , we have
Main ingredients of the proof are to define the measure τ θ in a homological way as discussed in [3] and to reduce the congruence (1.1) to a statement about a congruence which the measure τ θ satisfies:
for some open subset U of Z × p , which is turned out to be impossible using the homological argument that is also used in [6] in order to get a homological proof for a theorem of Washington.
Throughout the paper, for x ∈ Z × p we define ω(x) and x as the projections of x into W and 1 + 2pZ p respectively. ω is the Teichmüller character.
Γ-transform of p-adic measures
Let k be a finite extension of Q p and o be the ring of integers with a uniformizer π. Let C(Z p , o) be the o-algebra of continuous functions from Z p to o. Let τ be an o-valued p-adic measure on Z p . A power series P τ ∈ o[[T − 1]] is associated to the measure τ in the following way:
where T x is the power series in T − 1 defined by
From Mahler's theorem, the statement that
In other words,
Since we have the isomorphism
, and hence
and for a numerical polynomial
, we obtain that
From this observation, we establish an elementary but crucial statement.
Since g is arbitrary, we conclude that
The converse is immediate since we have f (x)dτ (x)| f −1 (πo) ≡ 0 ( mod π) and
If γ is a topological generator of 1 + 2pZ p , then there exists a power series
In fact, since γ y : Z p 1 + 2pZ p is an isomorphism the definition (2.1) can be written as
then we have
We also set
To a periodic function λ : Z → o of a period N , p N , we associate a rational function R λ (T ) defined by
Let us assume that N r=1 λ(r) = 0. Since
where σ * λ is a measure obtained by restricting σ λ to Z × p . The latter congruence is equivalent to R *
where R *
. In order to study the congruence of the type
with f ∈ C(Z p , o) and τ ∈ m(Z p , o), we need to define a special set of measures as follows.
for all open subsets U of Z p .
In the next section, the set of measures {σ λ • η|η ∈ V } is shown to be independent modulo π if λ is a Dirichlet character of conductor N with p N or λ = λ 0 (See Section 4 for the definition of λ 0 ). Using this we deduce that for f ∈ C(Z p , o) and odd prime number p, the following congruence
is true only for Q ≡ 0 ( mod π) (See Theorem 9). For p = 2 case, we modify the statement using G
Homological Equi-distribution
In this section we discuss the homology of a punctured cylinder. For a more complete discussion of the topic, see Hida ([3] ).
Let T N , p N be a punctured cylinder given by 
For each 0 ≤ r < N or ±i∞, let c r be the homology class associated to a path on T S−S 0 N that is starting from a fixed base point and winding the hole around the point r N counterclockwise. For each x ∈ R/Z, let
for a sufficiently small ρ > 0. Note that we have
We also obtain
Zv(x r ) for r N < x r < r + 1 N .
One can also verify that
Zc r .
Note that we have the relation c ∞ +
Let T N be the punctured sphere defined by adding S 0 to T S−S 0 N i.e.
Observe that we have the isomorphism
Since we have the inclusion
For a periodic function λ with a period N and λ(0) = 0, we consider a coho-
We are also able to say that ω(
Define the Fourier transform λ of λ as follows:
Observe that we have λ(r) = N λ(−r).
Since we have a following formula
and lim
is the Z p -algebra generated by the values of λ. Furthermore, since we have
we also conclude that
Recall that we have the decomposition Z × p = W × (1 + 2pZ p ) for W = µ p−1 if p > 2 and W = {±1} if p = 2. We set U be a maximal linearly independent subset of W over Q. For x ∈ Z p , let (x) n be the (n − 1)-th partial sum of the p-adic expansion of x and we also set
In the next proposition, we consider a property of equi-distribution in a slightly different way from [2] .
U and > 0 be given. Then for all sufficiently large n, there exists α ∈ a + p m Z p such that (αη) n p n − a η < for all η ∈ U.
Let c n be the coefficient of the Fourier expansion
Since we have the evaluation of the integration
In order to verify the proposition, it suffices to show that
For n = (n η ) ∈ Z U , we set σ n = η∈U n η η. 
Observe that lim n→∞ δ n,M = 0 for all M > 0. Since the sum n c n converges absolutely, we conclude the proposition. 2
and for Z ⊂ Z × p and n ≥ 1 let M n (Z) be a subgroup generated by
The following homological equi-distribution statement is a stronger version than one in [6, Proposition 4 ] which has been used to obtain a homological proof of Washington's theorem on non-vanishing mod p of special Dirichlet L-values.
For all sufficiently large n, we have
Let α 1 , · · · , α t be any real numbers and set
for a t × t identity matrix I and a t × p−1 2 block matrix (I|A). Note that we have
For each integer i with 1
we set P (α 1 , · · · , α t ) (i) be the i-th coordinate of P (α 1 , · · · , α t ). For an integer r with 1 ≤ r < N , consider a function P ( r N , α 2 , · · · , α t ) of real variables α 2 , · · · , α t . Since A is an integral matrix, we have P r N , 0, · · · , 0
Since V is Z-multiplicatively independent i.e. η/η ∈ Q for η = η ∈ V ,
. Hence, the func-
and we can find a real vector (α
is continuous in the variable α 1 , there exist two numbers α 1 , α 1 such that
and an integer 1 ≤ l i < N .
Now it suffices to show the proposition with Z = a + p m Z p for an a ∈ Z × p and m ≥ 1. By Proposition 3, for sufficiently large n it is possible to find suitable α, β in Z such that the vectors ( 
where the position of the non-zero homology class corresponds to η. Since η and r are chosen arbitrarily and H 1 (T N , Z) is generated by c r for r = 1, · · · , N −1, we prove the proposition. 2
For 1 ≤ r < N and ω ∈ H Note that when ω = ω(R λ ), then we have
An immediate consequence of the proposition is the following corollary, which is a cohomological analogue of Sinnott's algebraic independence result (See [5, Proposition 3.2]).
Corollary 5 Let
Z be an open set and n be a sufficiently large integer. If we have
for each η ∈ W/{±1} and r = 1, · · · , N − 1.
Power series attached to p-adic Dirichlet L-functions
Let α > 0 be an integer relatively prime to p and λ 0 be a periodic function with a period α defined by
Observe that
Let λ be a Dirichlet character of conductor N if N = 1 and λ = λ 0 if N = 1.
We define a Z p [ λ]-valued function σ λ on the set of basic open subsets of Z p as follows:
For each case N > 1 or N = 1, σ λ is a distribution on Z p . In fact, σ λ becomes a p-adic measure (see [3] ). When N > 1, we normalize σ λ to obtain another measure σ λ,α such that
Since we have
the measure σ λ,α is associated to a cohomology class defined by the following rational function:
where a periodic function λ α of a period αN is defined by
We also have the following interpolation formula.
Proposition 6 For a Dirichlet character
PROOF. From [3, Theorem 4.4.1], we obtain the formula (4.3) and for N > 1 we also have the interpolation
Hence by the definition of σ λ,α we have
This concludes the proof of the proposition. 2
The relation between the integration and the special values suggests us to define a p-adic analytic function
where
From Proposition 6 and from the observation that
we have the interpolation
From now on, we set σ = σ λ,α or σ λ 0 .
We set χ n = χω −n for n ≥ 0. Let θ be the restriction of χλ 1 to W × (Z/N Z) × and ξ be the restriction of χ to W . Hence we have θ = ξλ 1 . Define a measure τ θ as
Since σ • −1 = λ 1 (−1)σ and θ(−1) = 1, we obtain that
Observe that the integration Z
can be obtained from the Γ-transform of τ θ . Actually we have
In particular, for a numerical polynomial Q ∈ k[T ] we have
(2) The set of measures
For the reverse direction, in order to deduce a contradiction, we assume the contrary that g ≡ 0 ( mod π).
from Proposition 1 we obtain that
From the assumption, we know that g −1 (o × ) is not empty, and by the hypothesis for τ we conclude the proposition (1).
To prove (2) 
